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In this article using analytic method and mathematical induction the authors
prove the inequality
gxqg xqg x x w xb y a r b y a G x q g a q b r2 rx , .  .  .  .
where g G 1, x G 1, 0 - a - b. The conjecture in the references is proved.
Q 1997 Academic Press
1. INTRODUCTION
w xIn 1, p. 132 the following inequality is given
 .ny1 r2n nx y y r x y y ) n xy , n ) 1, x ) y ) 0. 1 .  .  .  .
 .By binomial expansion and mathematical induction, the inequality 1 is
w xrefined and extended in 2 as follows
PROPOSITION. Let B ) A ) 0 and a ) 1 be real numbers, n and k
positi¨ e integers. Then
knqk nqk a aB y A n q k A q B B y A  .ay1 r2w xG , ) a AB , 2 .n n  /B y A n 2 B y A
ky1
i ky1k y i C s k2 . 3 .  . k
is0
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NOTE 617
By the Langrange mean-value theorem, its geometric meaning, and
w xanalogy of forms, the author conjectured in 2 that
gbqg bqgB y A b q g A q B
G 4 .b b  /b 2B y A
holds for b G 1, g ) 0, B ) A ) 0.
In this article by analytic method and mathematical induction, we prove
 .  x x.that the function g x s b y a rx is absolutely convex, and absolutely
 .  .monotonic or completely monotonic under certain condition, g 9 x rg x
 .  .  . n. .and f x s g x q g rg x , x ) 0, g ) 0 are increasing, and g x s
b  .n xy1H ln t t d t and its inequalities. Then from related lemmas, the con-a
jecture above is proved, that is,
THEOREM. For g G 1, x G 1, 0 - a - b, the following inequality holds:
gxqg xqgb y a x q g a q b
G . 5 .x x  /b y a x 2
 .But 5 does not hold for 0 - g - 1 or 0 - x - 1. If g ) 0, x ) 0, then
b xqg y axqg x q g gr2w xG ab . 6 .x xb y a x
2. DEFINITIONS AND LEMMAS
 .  .In order to establish inequalities 5 and 6 we need several definitions
 .and lemmas related to the function g x .
DEFINITION 1. A function f is said to be absolutely monotonic on
 .0,q ` if it has derivatives of all orders and
f k . t G 0, t g 0,q ` , k s 0, 1, 2, . . . . 7 .  .  .
DEFINITION 2. A function f is said to be completely monotonic on
 .0,q ` if it has derivatives of all orders and
k k .y1 f t G 0, t g 0,q ` , k s 0, 1, 2 . . . . 8 .  .  .  .
` .DEFINITION 3. A function f g C a, b is an absolutely convex function
if
f 2 k . x G 0 k G 0, a F x F b , 9 .  .  .
NOTE618
and if
k 2 k .y1 f x G 0 k G 0, a F x F b , 10 .  .  .  .
then f is a completely convex function.
LEMMA 1. Let f be an absolutely monotonic function. Then
2 i.  iq2.  iq1.f x f x G f x , i s 0, 1, 2, . . . . 11 .  .  .  .
LEMMA 2. Let f be either an absolutely or a completely monotonic
function. Then
iq j iqjy2.  iqjy2.f x G 0, y1 f x G 0, 12 .  .  .  .n n
where a denotes a determinant of order n with elements a .i j i jn
w .LEMMA 3. Let f : a, b ª R be a con¨ex function, then
a q b 1 f a q f b .  .b
f F f t d t F . 13 .  .H /2 b y a 2a
w xLEMMA 4. Let f , g : a, b ª R be integrable functions, both increasing or
w x qboth decreasing. Furthermore, let p : a, b ª R be an integrable function.
Then
b b b b
p t f t dt p t g t dt F p t dt p t f t g t dt. 14 .  .  .  .  .  .  .  .  .H H H H
a a a a
If one of the functions f or g is nonincreasing and the other nondecreasing,
 .then the equality in 14 is re¨ersed.
 .  .Inequalities 13 and 14 are called the Hermite]Hadamard and the
Tchebycheff integral inequality, respectively.
w xFor proofs of these lemmas, see 3, pp. 365]366, 375, 10, 239 .
3. PROOF OF THEOREM
 . w x x x  .Let g x s b y a rx, b ) a ) 0, x ) 0. Define a function E x, tn
w xfor t g a, b , x ) 0, and n G 0, such that
E x , t s t x , x­ E x , t r­ x y n q 1 E x , t s E x , t . .  .  .  .  .0 n n nq1
15 .
NOTE 619
Direct calculation and the mathematical induction yield
n. nq1g x s E x , b y E x , a rx , 16 .  .  .  .n n
nnq1 xy1­ E x , t r­ t s x ln t t . 17 .  .  .n
 .When a ) 1, ­ E r­ t G 0, thus E x, t increases with respect to t, andn n
n. .  .  .g x G 0. Therefore g x is an absolutely monotonic function on 0,q ` .
When 0 - a - b - 1, ­ E r­ t F 0, and ­ E r­ t G 0, then2 kq1 2 k
 .  .E x, t decreases and E x, t increases with respect to t, thus2 kq1 2 k
2 kq1. . 2 k . .  .k k . .  .g x F 0 and g x G 0, that is, y1 g x G 0, g x is com-
 .pletely monotonic on 0,q ` .
2 k . .  .It is clear that g x G 0, g x is an absolutely convex function.
 .  .  .Let f x s g x q g rg x , x ) 0, and g ) 0. Straightforward computa-
tion leads to
2f 9 x s g 9 x q g g x y g x q g g 9 x rg x , 18 .  .  .  .  .  .  .
2 2g 9 x rg x 9 s g 0 x g x y g 9 x rg x . 19 .  .  .  .  .  .  . 4
 .  .From 11 and 12 it is deduced that
2g 0 x g x y g 9 x G 0 20 .  .  .  .
 .  .holds for a ) 1 or 0 - a - b - 1. Therefore g 9 x rg x is an increasing
function and
g 9 x q g rg x q g G g 9 x rg x , 21 .  .  .  .  .
 .  .that is, f 9 x G 0. Hence f x is increasing.
 .  .Combining 16 and 17 gives us
b b nnq1 xy1E x , b y E x , a s ­ E x , t r­ t d t s x ln t t d t , .  .  .  .H Hn n n
a a
22 .
b nn. xy1g x s ln t t d t , b ) a ) 0, x ) 0. 23 .  .  .H
a
Direct computation results in
 .  .2 kq1 2 kq12 kq1.lim g x s ln b y ln a r2 k q 1 ) 0 24 .  .  .  .  .
qxª0
y1 2 kq1. . 2 k[1. .for b ) a G 1. Since g x is increasing, g x ) 0 for x ) 0.
 .  . y1Therefore, g x is absolutely monotonic on 0, q` for b ) a G 1.
NOTE620
 . xy1  .  .  .Putting p t ' t , f t ' g t ' ln t, 0 - a - t - b, x ) 0 in 14 , we
get
2
b b b 2xy1 xy1 xy1ln t t d t F t d t ln t t d t , .  .H H H
a a a
 .  .  .that is, inequality 20 holds. Therefore, f 9 x ) 0, and f x is increasing.
Hence, we could obtain
x b xqg y axqg b1qg y a1qg .
G , x G 1, g ) 0, 0 - a - b.x xx q g b y a 1 q g b y a .  .  .  .
25 .
g  .  .Since t g G 1 is convex, from 13 we have
g 1qg 1qga q b 1 b y ab
gF t d t s , g G 1. 26 .H /2 b y a b y a 1 q g .  .a
 .  .  .Combination of 25 and 26 yields 5 .
g  .  .Since t 0 - g - 1 is concave, then 26 is reversed without equality.
 .Hence 5 does not hold for 0 - g - 1, but from the second inequality of
 .  .  .2 and 25 the inequality 6 is yielded.
 .Since f x increases for g ) 0, x ) 0, then we have
x b xqg y axqg bg y ag .
G , x G 0, g ) 0, 27 .x xx q g b y a g ln b y ln a .  .  .
w x  .which, combined with the logarithmic mean inequality 1, 3 , yields 6 , but
 .5 does not hold.
 .  .Remark 1. From 14 and 23 we get
g 2 iqk .q1. x g 2 jqk .q1. x F g 2 k . x g 2 iqjqkq1.. x , x ) 0, 28 .  .  .  .  .
where k, i and j take arbitrary nonnegative integers.
Remark 2. The theorem generalizes the logarithmic mean inequality,
w xsee 3 .
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